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Abstract
The vanishing of the electromagnetic eld for spontaneously broken Abelian
models, in the domain of outer communications of a static black hole, is
established, without any dependence on the model. In the particular case of
the Abelian Higgs model, it is shown that the unique solutions admitted for
the scalar eld become the vacuum states of the self-interaction.
I. INTRODUCTION
The classical and strongest version of the \no-hair" conjecture establishes that a sta-
tionary black hole is uniquely described by global charges, i.e., conserved charges associated
with massless gauge elds, which are given by surface integrals at the spatial innity i
o
[1].
In particular, the conjecture excludes the existence of massive elds in the domain of outer
communications hhJ
(
ii of a stationary black hole. This fact rests on the idea that in the black
hole transition to stationarity \everything that can be radiated away will be radiated away"
(cf. [2]), then the only classical degrees of freedom of a stationary black hole are those corre-
sponding to non-radiative multipole moments, therefore massive elds are excluded, because
all their multipoles are radiative [1].
The absence of massive \hair" has been showed for massive scalar elds, Proca-massive
gauge elds, and massive spin-2 elds both in static [3] and in rotating stationary [4] black
holes. It is well-known that elds acquire mass not only kinematically, as in the previ-
ous cases, but also through a dynamical mechanism of spontaneous symmetry breaking as
well. This is the case of spontaneously broken Abelian models describing a charged scalar
eld, with a self-interaction that has non-vanishing vacuum states, coupled to a massless
Abelian gauge eld. The \no-hair" conjecture for this models can be enunciated as [5]: any
stationary black hole solution, such that all gauge-invariant observables are non-singular,
must have a vanishing electromagnetic eld, in the domain of outer communications hhJ
(
ii
of the black hole. The simplest of this systems is the Abelian Higgs model, with double-well
self-interaction, for which a \no-hair" theorem was shown in [6], proving the vanishing of
the gauge eld for spherically symmetric static black holes. This proof has been considered
unsatisfactory [7] because it rests on an inconsistent gauge choice. Improved versions have
recently been given [8{10], without the original restrictions criticized in [7].
The subject of this paper is two-fold, rst, to relax the spherically symmetric assumption
in the previous results, working with general static systems; and second, to extent the
1
\no-hair" theorem to more general Abelian models than the Higgs model, i.e., for general
spontaneously broken self-interactions.
In a static black hole, the Killing eld k is time-like everywhere, coincides with the null
generator of the event horizon H
+
, and is hypersurface orthogonal in all of hhJ
(
ii. This
allow us to choose, by simply connectedness of hhJ
(
ii [11], a global coordinates system (t; x
i
)
i = 1; 2; 3, in all of hhJ
(
ii [12], such that k = @=@t and the metric reads









where V and  are t-independent,  is positive denite in all of hhJ
(
ii and positive semi-
denite in H
+
, and V is positive in all of hhJ
(
ii and vanishes in H
+
. From (1) can be noted
that staticity implies the existence of an additional time-reversal isometry t!  t.
In the next section the vanishing of the electromagnetic eld in the domain of outer
communications hhJ
(
ii of a static black hole is demonstrated, without any dependence on the
model. Section III is devoted to show, in the particular case of the Abelian Higgs model,
that the scalar eld is conned to the vacuum in hhJ
(
ii.
II. \NO-HAIR" THEOREM FOR THE ABELIAN GAUGE FIELD
































the gauge covariant derivative, and the self-interaction U(

) has non-vanishing vacuum








. Parametrizing the complex































). The potential function U() has non-vanishing minima, v
a
, and
it is assumed that  asymptotically approaches to any one of them. The Abelian symmetry of

































remaining unchanged under time reversal [3]. However, this









vanish in the second one. But, the last branch is inconsistent
with the necessary requirement of staticity in the material sources [12], i.e., there is no ow




= 0, which in the
coordinates from (1) it requires that j = (j
0
; 0; 0; 0).
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Now we are ready to proof the \no-hair" statement for the gauge eld. Let V  hhJ
(
ii
be the region bounded by the space-like hypersurface 
0
, the space-like hypersurface 
1
,
corresponding to the values 0 and 1 of t along integral curves of k, and portions of the event
horizon H
+
and the spatial innity i
o



































































. The boundary integral over 
1






are isometric surfaces. The boundary integral
over i
o
\ V vanishes by the usual asymptotic fall-o conditions on the gauge eld [6,8]. For





















































































6= 0. This last assumption
will be justied at the end of the section. Thus, there is no contribution from boundary



















)dv = 0: (7)




vanish as well everywhere in V, and hence in all of hhJ
(
ii.
We pass now to show that for spontaneously broken models (v
a
6= 0),  is a strictly
positive function, justifying that j
H
+
6= 0. In fact, let " > 0 be any positive real number,
such that v
1
 " > 0, where v
1
6= 0 is the least minimum of the potential function U(),



























); t < ";







) = 0;  1  f
"
(t)  0; f
0
"
(t)  0; (10)
where v
a
is the value for which U() achieves its ath minimum. Multiplying the equation
(8) by f
"
  and integrating over V, after applying an integration by parts together with









































cancel out again. The boundary integral over
i
o
\V vanishes, because  takes asymptotically the value of some minimum v
a
of U(), then
by (10) the integrand vanishes there. The same happens to the integral over H
+
\ V ; k








 = 0 by staticity of , and by the bounded
behavior of f
"
() (10) the integrand vanishes in this region. Since there are no contributions





























)dv = 0: (12)
From the properties of f
"
, U , V , and  it follows that each term in the integrand above is







= 0, from (9) it requires that j
V




III. \NO-HAIR" THEOREM FOR THE SCALAR FIELD IN THE ABELIAN
HIGGS MODEL
It is reasonable to expect, from the \no-hair" conjecture, that the unique solutions
admitted for a scalar model in the domain of outer communications hhJ
(
ii of a stationary
black hole become the vacuum states of the self-interaction. In the models considered in this




exp i, where v
a
6= 0 are the
minima of the potential function U(). We now concentrate our attention in the Abelian
Higgs model, for which U() has a single minimum v, and we show the truthfulness of the
last statement. The result is obtained by applying the same procedure used above to the
equation (8), with the function f
"
() replaced this time by the function tanh(   v), and
taking into account that J












 + tanh(  v)U
0
())dv = 0; (13)
where the boundary integral vanishes by the same arguments vanishing the boundary integral
in (11). Since U() has a single minimum v, again the integrand at the left hand side of
(13) is non-negative, so the integral vanishes only if  = v in all of V, and hence in all of
hhJ
(
ii, and the desired result is achieved. We believe that this result can be extended to more
general Abelian models too, progress in this respect are forthcoming.
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